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MODEL SELECTION IN PRESENCE OF MISSING DATA

m Consider a random sample z; = (i, Z14,...,Zp;), i =1,...n.
m Interested in: y | x1,..., @),

m Several competing regression models (indexed by v € I'),

Myyl|lx,.. 2y~ fy(y | 21, ..., 2p,600,0).

Only z; with i € 4% = {i1,...,im} are fully observed (first m components) due to
reasons independent of f, (Missing At Random scenario)

m D denotes all observed components.

In this context...

m How to make model selection?

m How to measure model uncertainty: different models affected by a different set of
missing data?
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How PRACTITIONERS DO?

m From a non-Bayesian point of view: or strategies applying
step-wise selection with AIC or BIC, or other tests;

m Bad approaches: they sacrifice useful information producing bias results, except perhaps
for particular cases as Missing Completely At Random (MCAR).

m Within the multiple imputation (Ml) approach, proposed by Rubin (1987), what we call
, traditional non-Bayesian variable selection tools are difficult to be applied.
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] ~ apply statistical techniques to MI data-sets, there are two proposals in
literature:
m The Biometrics paper by Yang, Belin and Moscardin (2005)", a first attempt to make
imputation and Bayesian variable selection in linear regression models.
» Intuitively, they propose a way to obtain the posterior probability for each possible model
in each imputed data set, and averaging posterior probabilities for each model over the Ml
data-sets.
m A recent paper by Hoijtink, Gu, Mulder and Rosseel, 2019, discusses how to compute
Bayes Factors (BFs) doing MI for hypothesis testing in Psychology. T
» To average BFs approximating marginal distributions from Gibbs output over the imputed
data sets.

“Imputation and Variable Selection in Linear Regression Models with Missing Covariates, 2005, Biometrics.
TComputing Bayes factors from data with missing values, 2019, Psychol Methods
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IN THIS WORK

m Revisit all concepts that appear in model selection/model uncertainty obtaining their
formulation in presence of missing data;

m The basic ingredient for model uncertainty quantification (MUQ) is the predictive
density in the observed data,

m(D%) = / f(D* | 0)dI1(6) = / f(D°*, D" | ) dD™ 7(8)de,

where D" denotes the missing components in z;, witht e m+1,m+2,... n.
(D% denotes all the components of z observed).




OUTLINE

Motivation about model selection with missing data
Regression models. Full observed data
Regression models. Missing data
Computing marginals with missing data
m Prior distributions
m Bayes Factors
m Posterior probabilities

Simulated example

Comments and remarks
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2. Density assumed for the errors in linear models.




FULL OBSERVED DATA

m The entertained regression models may differ in a number of ways:
1. Set of covariates needed to explain Y or,
2. Density assumed for the errors in linear models.
m Notation:
» 0, parameters appearing in all competing models;
» 0., specific parameter in M.,;
> A more precise labelling for the parameters of AL, is ((6)~,6-), we abuse notation
considering (00, 9v)~




FULL OBSERVED DATA: DESIGNED EXPERIMENTS

m In designed experiments, the marginal distribution is obtained “conditional” on the
values of covariates:

() | ALy o o @)} = /fv(y | ®1,...,2p,00,0) 1(00,0, | x1,...,2,)d00dO,,

m Usual prior distributions over 8,: Zellner-Siow priors, robust priors, hyper-g-priors, etc,
use a conditional variance that depends on x;,i =1,...,p.

m This is legitimate as the x; are fixed covariates designed for the experiment.




FuLL OBSERVED DATA. OBSERVATIONAL STUDIES

m Covariates are random: compare models in the basis of how they predict all observed
values.
m Introducing the idea of competing models as joint statistical models:
My iy, ~ (Y | @1, 2, 00,04) f(T, .., | V).
m The marginal density:
my (Y, T1,...,Tp) =

/fv(y | z1,...,2p,00,0,) f(x1,...,2, | V)74(00,60,,1)d00d6., dv.




FuLL OBSERVED DATA. OBSERVATIONAL STUDIES (CONT.)

m Assuming prior independence: (6o, 0., V) = 7,(00, 6)7(v), then

(1 ALy < o 2 o ) =
/f xi,...,xp | V)T(v)dr X /fv(y | 1,...,2p,00,0,)7,(00,0.)d0dO.
m(ml,...,$p)

m First factor is independent of the model and would cancel in the BF.
m The distribution f(x1,...,x, | v) is negligible — identical results that in the fixed
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m Justification of the no discussion about the fixed or random covariates: it does not affect

results...




FuLL OBSERVED DATA. OBSERVATIONAL STUDIES (CONT.)

m Assuming prior independence: 7 (0o, 0., V) = (60, 0-)7(v), then

(1 ALy < o 2 o ) =
/f xi,...,xp | V)T(v)dr X /fv(y | 1,...,2p,00,0,)7,(00,0.)d0dO.
m(ml,...,$p)

m First factor is independent of the model and would cancel in the BF.
m The distribution f(x1,...,x, | v) is negligible — identical results that in the fixed

covariates case.
m Justification of the no discussion about the fixed or random covariates: it does not affect

results...

But... (00, 65) cannot depend on x4, . . ., T, invalidating the most popular priors: g-prior,

Zellner-Ziow prior, hyper-g prior, robust prior, etc.

9]
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MISSING DATA. NOTATION

m Missing values only in covariates. Not missing values in y.

m Tilde symbol used to represent a realization of a random or vector variable. y is a
realization of the random vector y.

m Consider an x p binary matrix M = (m;;),

with m;; = 1 when z;; is missing.
m M is a random matrix entering into the competing models, so each M., is:
y7m17"'7wp7M ~ f’Y(y | wl?'"7mp70070’y)f($17"‘7mp ‘ V)f(M | yﬂmlﬂ"'awjhw)'

m Missingness — only certain values of the covariates are observed: x ), i.e.
%(0) = {ZEU : T?Lij = 0}.

m Rest of components of covariates are random, denoted as xy).



MissING AT RANDOM (MAR) MECHANISM

m Different mechanisms assumed to represent the missingness structure (described in
Little and Rubin, 2020).

m Consider Missing at Random, (MAR) mechanism, the weakest condition to avoid
specifying the probability distribution of M

m Missing data are MAR for an observed data (M, Y, Z(g)) if

F(OM | 9,80y, 2y, %) = f(M | Y, Z(0), (1), ¥), forany z(1) # ()

Abbreviated: f(ﬂ | Y, Z(0), (1), %) does not depend on x(y).




JOINT PRIOR PREDICTIVE MARGINAL WITH MISSING DATA

m Join prior predictive marginal:

/mw ¥, % (0), 2 (1), M)d )
= /f’Y y7$(0)7 7M ‘ 0070’771/7/([)) 7T’Y(0070’Y7V71/))d00d0’y dyd¢dw(l)

= / [£,@ | Z(0)> 1), 00, 0+) F(F (o), 1) | V) F(M | G, F (o), 21, )
7T’Y<907 97, v, Ib)dagdory dl/d’l,bd:L‘(l)]

X

m Using the MAR assumption and considering independence between parameters
governing the missing mechanism and the rest: m, (v | 89, 0-,v) = (1)) (we call these
MU-ignorable condition).



PRIOR PREDICTIVE MARGINAL UNDER MAR

m"r(@/v i(O)a ﬂ) - 7”’7(57 %(O)) / f(ﬁ ‘ :'77 %(0)7 ¢)W<¢)d¢

where

Tn7 y, /f7 Yy ’ CC 1),90,0 )f(i(o),x(l) ’ V)Wv(eo,ew,v)deodaw dl/dm(l).

m In the above equation (in pink), the second factor does not depend on v — cancel out in
the BFs.




COMPUTING MARGINALS WITH MISSING DATA

m Under the MU-ignorable condition, and considering conditional prior independence:
(60,0, v) = 7(60, 0 | v)my (V).
m The marginal prior of interest is:

m’Y(i’j?%(O)) = /f’)/(@?% 0 793(1) | 9070“/51/) 7T"/(0070’WV) dw(l) d(0070’77y)

- / / 1@ | &) (1), 00, 6) (80,6, | ¥)d(60, 6,)

X

Z(0), (1) | V)T (V) d(1ydv

= /mv Yy 20),20),¥) f(Z@), zq) | ¥)m (V) dzq) dv

— [ (@1 3020 ) S | 30,2 @) | #)m(0) dagyy do

- [ mel@1 3000, Sy | F0o0) e



MARGINAL APPROXIMATION VIA SIMULATION

If my (Y | Z(g), x(1),V) can be easily evaluated, then m.(y, Z(g)) can be approximated by
simulation:

For j=1,...,N:
1 : Draw v0) ~ 7 (v | Z(0))
2 : draw (m(l))(j) ~ f(z ) |5(0)7y(ﬂ')),
3¢ compute mU) =m,(¥ | Z(o), (x(1), v17),

m Approximate

—

my (9, Z0) = N7 Y _mV

m Steps 1 and 2 are doing with an augmented Gibbs scheme.



ExAMPLE

Example (Simple linear regression)

Our data contains observations from three variables (y, 71, z2) € R®.

m Two competing regression models, explaining Y:

Hy : foly|z1,22,B0,0) = N(y| Bo,o?),
Hi : fi(y|21,22,B0,8,0) = N(y| Bo+ Biz1,07).

I’ = {0, 1}, variable x5 is is not relevant for this model uncertainty problem, but it will
be for making imputation.

Here 8y = (S, o) are common parameters for both regression models, while 8, = f3; is
specific to M.



PRIOR DISTRIBUTIONS CONSIDERED

m Objective or non-informative setting.

m Adaptation of well-known practices in the model uncertainty literature to the missing
data problems.

m Prior for M.
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PRIOR DISTRIBUTIONS CONSIDERED

m Objective or non-informative setting.

m Adaptation of well-known practices in the model uncertainty literature to the missing
data problems.

m Prior for M.

7y(00,6~,v) = 7y(00, 0, | v)Ty (V) = my(6, | v, 00)7,(00 | v) 7y (V).

Definition (Prior scheme recommended)

7y(60, 04 | V) = 7(80)m (6, | v, 00), my(v) = m(v), (1)

where 7,(0~ | v, 80y) is proper and depends on v and w(v) and/or m(6y) are potentially
improper.
For models that only have common parameters, (1) should be understood as:

my(6o | v) = 7(60), ™\ (v) =7(v).



PRIOR DISTRIBUTIONS CONSIDERED (CONT.)

m For the priors defined above, m.,(Zg)) is independent of v and

my (Y, T (o)) = /mw(y | Z(0y, (1), V) f(z1) | Z(0), V)T(V | Z(0) d(q) AV,

— cancels in the BFs. as it appears in all models.




PRIOR DISTRIBUTIONS CONSIDERED (CONT.)

m For the priors defined above, m.,(Zg)) is independent of v and

my (Y, Z()) = /mw(y | Z(0y, z(1), ¥) f(z) | Z(0), V)T(V | Z(0)) d(q) d,

— cancels in the BFs. as it appears in all models.

About 7, (v)

» Contributes to m, (y, € (g)) through 7, (v | Z(g)), under weak conditions this is a proper
distribution.

» It can be used an improper prior.

» The meaning of v does not change with M., f(x | v) is independent of v — same 7 () for
every model M.,



Example (Simple linear regression (cont.))

. . iid
m Consider X = X a continuous regressor and assume X ~ N (pz,02),s0 v = (fiz, 0z).

m The priors to assign can be expressed: my(0o, o, v) = 7o(Bo, 0 | pa:, 02)70(ttz, 02), and

Wl(/Blaﬁan-a V) — 7.‘-1(ﬁ070- ‘ MJMO-J:) Fl(ﬁl ’ /80707 /,LJ;7O'x)7T1(/,Lx,O'x)

1 we consider:

m The reference prior for X model is 7(uy,0,) = 0,

7o, 0x) = T1(fhey Oz) = U;1~



ABouT (0 | V)

m Consider a non-informative prior as 8y are common parameters.

m Reasonable when 6 have a similar interpretation in all models, in this case we should

use an objective estimation prior.

Example (Simple linear regression (cont.))

Common parameters are: 8y = (o, o).

m Under My, [y represents the mean of all y, under M; it is the mean of y | x = 0. Since
2 has mean p,; the meaning of both 3y can be very different.

m To achieve similar meaning, — a reparametrization under M1: 33 = Bo + Sis then
yi | i ~ N(B + B(mi — ), %)
m Now the prior over common parameters is:

70(Bo,0 | V) = o ! and m (B, 0 | v) = o1




ABouT (6., | V)

m The most delicate ingredient in the prior assignment.

m Enters into the equation for the m.(-) in a multiplicative-way. Not possible to use an
improper prior, its indeterminate constant will be transferred to the marginal, it will not
cancel in the BF calculation (different for each M.,).

m The prior 7 (60, | ) has to be proper.

m For full observed data, and within the g-prior approach:

0, ~ N,(0,V,),
with V', obtained from the expected Fisher information matrix under M.,

m Many popular proposals in the literature are generalizations of this basic idea: For
normal linear models, Benchmark priors (Fernandez et al., 2001), hyper-g priors (Liang et
al., 2008); robust prior (Bayarri et al., 2012); etc.




WHICH V7 WITH MISSING DATA?

Revisiting the original definition of V, in the problem of regression.
Consider 6 = (5o,0) and 6, = 3.,

m Definition of the prior covariance matrix in the Zellner and Siow, (1980) proposal is

vy = n(I(80)/1(B0,B,)) "

n times the Schur complement of 1(3y) in (50, 3, ), the Fisher information matrix for

(Bo, Bs)-

m Equal to using the variance matrix of the m.Le. of 3. (Bayarri et al., 2012)

m In normal linear models, with full-observed fixed design matrix it is:

V, = no? (X$X7)_1, with X, made by columns centered around the mean.




ANALOGOUS RESULT IN OUR SETTING

Result (Variance matrix)

Suppose z; = (y;, ;) ~ M., where
iid
(yi» i) ~ N(yi | Bo + x} B,,,07) f(a | v),

then, provided f has at least the first two moments:

n= (1(80) (B, B) = = Vs | )

where V (z; | v) = E[(z; — E(z; | v))T (z; — E(x; | v))] with expectations respect to

f@i|v).



PRIOR OVER 3,

m Our proposal to incorporate the g-priors into the missing context is consider:
B, | v,Bo,0 ~ N(0, 0> V(z; | v)™})

m Or with flat-tailed alternatives:
By v~ [ N, 90 V(@i | v) (o) dy

m Different 7(g) leads to different well known priors for model selection.

m V(x; | V) is a completely valid component of the conditional (on v) prior covariance
matrix.

m In fact, this prior is even more Bayesian than the g-prior as it does not depend on n nor
on the data x.




FULL SPECIFICATION OF PRIORS

Result (Priors in linear regression)
To compare Hy = M, : (y;, x;) iri\(fiN(yi | Bo+x]B,,0°) f(xi | v) versus the null model

(only intercept), the priors under each hypothesis are:

7['0(5070-7 V) - Uﬁlﬂ.N(V)a
7T1(B(),0'7 1677’/) - J_l N(IB'Y ‘ 07902 V(xl ’ V)_l)WNO/)

N(v) is an appropriate objective prior for

with g = 1, (or flat-tailed versions, g ~ m(g)) where
v in relation to f(x; | v)



Example (Simple linear regression (cont.))

XlrlgN(,ux, 02),s0 v = (s, 0z), in this case V(z; | v) = 02, then:

2

(8| Bo, 0,0z, ) = N(B| 0, 25).

x

m With the parameterized version of M to define a common prior over 8,

m Using the previous result to obtain the prior in this parameterization:

= * 1 1
1(1(50)/1(5076'\/» = ? Vv(.%'Z — L ‘ 1/) — ﬁ V(.’Bz ‘ I/),
in the simple regression example: 75 (8 | 85,0, 02, pz) = N(5 | 0, 02)

m Then, mo (5o, 0, iz, 0z) = (O‘O’x)_ and for M7:
Wik(ﬁguo-a By/ixao'x) — (UUI) (ﬁ | 07 0-2)

m Same priors in terms of the original problem Mg vs. M (associated Jacobian is 1).




BAYES FACTOR CALCULATION

m The Bayes factor of M., to M is obtained as:

m In general scenarios, with missing values also in the null model, the previous BF can be
approximated as ratio of the approximated marginals:

m’Y(@» 33‘(0))
m()(ga i(O))

m In some cases, i.e. if M does not have missing values, it is possible to average also de
BFs.

B, =




RATIO OF PREDICTIVE DENSITIES REGRESSION MODELL

Result (Ratio of completed-predictive densities)

Under the conditions in the Result about priors for regression models, mo(y | Z(g), ®(1), V) does
not depend on v, and under the null model this quantity does not depend on :c(o), (1) neither.

So,

(Y | B0), ), V) [ SSE, ]m—l)/z
mo(y) SSEy— 5 ' X (XTX + V(x| v)/g) ' XTg
o -1/2
X ‘XTX Viai | v)" +1/g I‘ : 2)

X is the completed design matrix (filled with Z (o) and x (1)) with columns centered with respect
to their mean and S S Ey is the sum of residuals under M, I denotes the p x p identity matrix.




BFs FOR THE LINEAR REGRESSION MODEL

Result (BF example linear regression)

Under the same conditions of the above results and using the priors proposed above, the
expression for the BF for M versus My is:

fml@ | alE(o)aﬂ?(l),'/) Hz m1 f@|v)mv |z Z (0 )dfc(1) dv

Blﬁ(gvi(O)) = mO(y)

ml |1¢ na
:/ <0 H £ | v)mv | #))daq) dv

1=m+1




MONTE CARLO APPROXIMATION OF THE BF

The previous BF can be approximated as:
Forj=1,...,N:

m Step 1: Draw ) ~ (v | :35(0)),
m Step 2: draw (a:(l))(j) ~ f(a;(l) |5(0),y(ﬂ')),

: YT (0y,(2 1)) D @) . . .
m Step 3: compute the ratio 7"{0 = I (Oin( (5;) ) given in equation
0
().

Approximate

N
Bio(¥,Z)) ~ N7 Z o
i=1




APPROXIMATING POSTERIOR PROBABILITIES

m Finally, for the comparison of the two hypothesis in the example, using
P(Hy) = P(Hy) = 1/2, the posterior probability for Hj is:

_ . Bu(@ %)
PUHY,20) = 175 & Z(0))




APPROXIMATING POSTERIOR PROBABILITIES

m Finally, for the comparison of the two hypothesis in the example, using
P(Hy) = P(Hy) = 1/2, the posterior probability for Hj is:

Bio(y,Z(g))
1+ B1o(¥, Z (o))

P(Hy|y,z()) =

m However, in the Biometrics paper (2005), in any imputed data, P(H1 |y, Z (o), (w(l))(j))
is calculated, and the final posterior probability for H; is obtained as a mean:

N

N
1 ~ BFJ
N;P(H1’y7w(0)7( l Nzl—i-BF]

m Not admissible because of Jensen’s inequality.



SIMULATED EXAMPLE

Example (Simple linear regression)

m We have simulated from:

( X; ) NNQ(( 2 )7( p* pl ))’ Y ‘ Xl :xl’XQ = T2 NN1(1+lel+ﬁ2$271)v

with p*, B8] and (35 are prefixed values used to reproduce several real scenarios.
m The complete simulated data D consist on n = 100 draws from Z.

m Interest: whether X7 is a explanatory variable for Y:

HO : fO(y‘ 131,552,,60,0') :N(y ‘ ﬁUvO-Q)a
Hi : fi(y| =1, 22 60,8,0) = N(y | Bo + fiz1,07).
m If D would be completely observed, the Bayesian answer is the posterior probability
p(M; | D). This is the oracle response.

m We simulate a MAR mechanism for a proportion 7 in X, obtaining (y, Z(g)).



SIMULATED EXAMPLE

Example (Simple linear regression)

Consider 3 scenarios:

E1: 5} =0.3, 65 =0,
E2: 37 =35 =0,

E3: B} =0, 35 =0.3.

For each scenario N = 100 datasets are generated for the combinations:
m p* €{0,04,0.7,0.9}
m 7 € {0.05,0.15,0.40,0.60,0.75}




STRENGTH OF SIGNAL IN FAVOUR OF M1 IN EACH OF THE SCENARIOS

Example (Simple linear regression)

Integrating out X3 in the data generative process,

Y | X1 = a1~ Ni(L+B3(2 = p*) + (Bf + p*B5)x1, 1 + (83)*(L — (0)%))
The ratio of the signal to the standard deviation is;
@__ Breos?
1+ (83)(1 = (p*)?)
Summarized in the considered scenarios:

| p*=0 p*=04 p*=07 p*=09

E1| 0.32 0.32 0.32 0.32
E2 0 0 0 0
E3 0 0.122 0.212 0.272



RESULTS COMPARING IMPUTATION WITH REMOVE
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RESULTS COMPARING IMPUTATION WITH MEAN PROBABILITIES
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REsuLTs IMPUTATION VS MEAN ProOB. Exp 2
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REsuLTs IMPUTATION VS MEAN ProB. Exp 3
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COMMENTS AND REMARKS

m M, (Y, Z()): always an average of marginals obtained on imputed values:
m~ (Y | (o), T(1)), over the posterior predictive (1) | Z(q).

m Bayes factors: sometimes an average of BFs calculated in imputed data, in the sense of
the MI word. Not longer true when M has also missing values.

m Posterior probabilities: never an average of posterior probabilities calculated in imputed
data.




PRESENT/FUTURE WORK

m Study characteristics as predictive matching criteria and others in the predictive
marginals obtained with the proposal priors.

m Analyze and develop the variable selection problem in the context of comparing a set of
possible models.

m Analyze how to search in the space of all models when p (number of covariates is large)
with missing data and exhaustive calculations are not possible.




THAT’S ALL
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